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Let G be a graph with n vertices and ρ be the spectral radius of
its adjacency matrix. Recently, Nikiforov showed that if G has no
4-cycle, then ρ2 − ρ − (n− 1)  0, with equality if and only if G is
the friendship graph. However, this bound is not attainable when n
is even. He conjectured that ifG is a C4-free graphwith even number
of vertices, then ρ3 − ρ2 − (n − 1)ρ + 1  0, with equality if and
only if G is a star of order n with n/2 − 1 disjoint additional edges.
We prove the conjecture in this paper.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let Nd(u) = {v|v ∈ V(G), dG(v, u) = d}, where V(G) is the vertex set of G and dG(v, u) is the
distance between u and v. Particularly, denote N(u) = N1(u) and du = |N(u)|. The maximum degree
and minimum degree of G are denoted by (G) and δ(G), respectively. For a vertex u and a vertex
subset S of G, denoted by G[S] the subgraph induced by S and NS(u) = {v|v ∈ S ∩ N(u)}. Let A(G) be
the adjacency matrix of a graph G. The largest modulus of an eigenvalue of A(G) is called the spectral
radius of G and denoted by ρ(G). It is known that for a connected graph G, there exists a positive unit
eigenvector corresponding to ρ(G), which is called the Perron vector of G.
In the past decades, much attention has been paid to the spectral radius of graphs. In particular, the
investigationonthe relationsbetweenspectral radiusandsomekindof subgraphs (suchas, clique,path,
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cycle, complete bipartite subgraph, etc.) seems very interested. In [2,1], the authors studied necessary
conditions and sufficient conditions for the existencity of spanning cycles in graphs, respectively. Using
spectral radius, Nikiforov [5] gave a sharp condition for the existence of odd cycles in graphs. In [9],
Zhang and Luo presented two lower bounds for the spectral radius of the Laplacianmatrices of C3-free
graphs. In [4], Nikiforov obtained the maximum spectral radius for graphs without given complete
subgraph or complete bipartite subgraph. As one of his results, the following theorem on C4-free
(K2,2-free) graphs was given.
Theorem1.1 [4]. LetG beagraphof ordernwithρ(G) = ρ . If G hasno4-cycles, thenρ2−ρ−(n−1)  0.
Equality holds if and only if every two vertices of G have exactly one common neighbor, that is, G is the
friendship graph.
Clearly, the equality in Theorem 1.1 is possible only for odd n. In [6,7], Nikiforov put forward the
following conjecture.
Conjecture 1.2. Let G be a graph of even order n with ρ(G) = ρ . If G has no 4-cycles, then ρ3 − ρ2 −
(n − 1)ρ + 1  0. Equality holds if and only if G is a star of order n with n
2
− 1 disjoint additional edges.
We prove the conjecture in this paper.
2. Proof of Conjecture 1.2
It is known that the adding of any edge of a connected graph increases the spectral radius. LetGn be
the set of C4-free graphs of even order n and G
∗ have maximal spectral radius among all graphs inGn.
Clearly, G∗ is connected. Since G∗ is C4-free, for any vertex u ∈ V(G∗), G∗[N(u)] has no adjacent edges.
This implies that if (G∗) = n − 1, then G∗ must be a star of order n with n
2
− 1 disjoint additional
edges. Straightforward calculation shows that ρ3 − ρ2 − (n − 1)ρ + 1 = 0 for this graph. Next we
assume that(G∗) < n− 1. To prove Conjecture 1.2, it suffices to show ρ3 −ρ2 − (n− 1)ρ + 1 < 0
for the extremal graph G∗. Above all, we have to give some structural characteristics of G∗.
The following lemma can be seen in [8], which is an direct consequence of Rayleigh’s theorem.
Lemma 2.1. Let u, v be two distinct vertices of a connected graph G, {vi|i = 1, 2, . . . , s} ⊆ N(v)\N(u),
and X = (x1, x2, . . . , xn)T be the Perron vector of G. Let G′ = G −∑si=1 viv+∑si=1 viu. If xu ≥ xv, then
ρ(G) < ρ(G′).
Let d(G∗) be the diameter of the extremal graph G∗. Now we give some elementary characteristics
of the structure of G∗.
Lemma 2.2. d(G∗)  3 and G∗ has at most one cut vertex.
Proof. Suppose that d(G∗)  4 and u, v are two vertices of G∗ with dG∗(u, v)  4. Clearly, G∗ + uv ∈
Gn. Since G
∗ is connected, ρ(G∗ + uv) > ρ(G∗), a contradiction. So d(G∗)  3.
Now suppose that {u, v} is a pair of cut vertices with maximal distance. Let X be the Perron vector
of G∗. Without loss of generality, assume that xu  xv. Let G be the graph obtained from G∗ bymoving
a pendant block from v to u. Then G ∈ Gn. However, by Lemma 2.1, ρ(G) > ρ(G∗), a contradic-
tion. 
For convenience, the following notation is necessary.
i ∼ j := a vertex i is adjacent to a vertex j and i  j otherwise;
A = (aij)n×n := A(G∗);
B = (bij)n×n := A2 − A − (n − 1)I, where I is the n × n unit matrix;
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b(u) := the sum of the u-th row of B;
C = (cij)n×n := A3 − A2 − (n − 1)A;
c(u) := the sum of the u-th row of C.
Besides, for a vertex subset V , let E(V) be the set of edges with both endpoints in V and e(V) =
|E(V)|. We say V is self-matched, if E(V) is exactly a perfect matching on V . Similarly, for two disjoint
vertex subsets V1 and V2, let E(V1, V2) be the set of edges with one endpoint in V1 and another in V2
and e(V1, V2) = |E(V1, V2)|. We say V1 is matched with V2, if both V1 and V2 are self-matched and
E(V1, V2) is exactly a perfect matching on V1 ∪ V2. For example, {u1, u2} is matched with {u3, u4} in
a 4-cycle u1u2u3u4u1.
Lemma 2.3. For any vertex u ∈ V(G∗), c(u)  0. Equality implies that:
(i) N(u) is self-matched and du  4;
(ii) Vi is matched with Vj for any i, j ∈ N(u) with i  j, where Vi = NN2(u)(i);
(iii) for any vertex v ∈ N3(u), NN2(u)(v) = du.
Proof. Given u ∈ V(G∗), let N(u) = {i|i = 1, 2, . . . , du}. Since G∗ is C4-free, any two vertices of G∗
have at most one common neighbor. Thus we have the following claims.
(a) E(N(u)) does not contain adjacent edges. This implies that |NN(u)(i)|  1 for any i ∈ N(u).
(b) For anyv ∈ N2(u), there isuniquevertex i ∈ N(u) such that i ∼ v. This implies that {Vi|i ∈ N(u)}
is a partition of N2(u).
(c) For any i, j ∈ N(u) and v ∈ Vi, |NVj(v)|  1 when i  j and |NVj(v)| = 0 when i ∼ j. Denote by
S the set of isolated vertices in G∗[N(u)]. This implies that for any vertex v ∈ N2(u), |NN2(u)(v)|  du
if v ∈ Vi with i ∈ S and |NN2(u)(v)|  du − 1 if v ∈ Vi with i ∈ N(u)\S.
(d) For any vertex v ∈ N3(u) and any i ∈ N(u), |NVi(v)|  1. This implies that |NN2(u)(v)|  du for
any vertex v ∈ N3(u). Clearly,
c(u) =
n∑
j=1
n∑
i=1
buiaij =
n∑
i=1
bui
n∑
j=1
aij =
n∑
i=1
buidi.
Note that the (i, j) element of A2 equals to the number of walks of length two from i to j. Since
d(G∗)  3,
buu = du − 0 − (n − 1) = −[|N2(u)| + |N3(u)|].
According to (a), if i ∈ N(u), then
bui =
⎧⎨
⎩ 0 when i ∈ N(u)\S;−1 when i ∈ S.
Further, buv = 1 for v ∈ N2(u) and buv = 0 for v ∈ N3(u). Thus we have
c(u) = −[|N2(u)| + |N3(u)|]du −
∑
i∈S
di +
∑
v∈N2(u)
dv,
where
∑
i∈S
di = ∑
i∈S
(1 + |Vi|) and
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∑
v∈N2(u)
dv = e(N(u),N2(u)) +
∑
v∈N2(u)
|NN2(u)(v)| + e(N2(u),N3(u))
 |N2(u)| · 1 +∑
i∈S
∑
v∈Vi
|NN2(u)(v)| +
∑
i∈N(u)\S
∑
v∈Vi
|NN2(u)(v)| + |N3(u)| · du
 |N2(u)| +∑
i∈S
|Vi| · du +
∑
i∈N(u)\S
|Vi| · (du − 1) + |N3(u)|du. (1)
Hence
c(u)  −|N2(u)|du − |S| −
∑
i∈S
|Vi| + |N2(u)| +
∑
i∈N(u)
|Vi|du −
∑
i∈N(u)\S
|Vi| = −|S|, (2)
since
∑
i∈N(u) |Vi| = |N2(u)|.
If c(u) = 0, then the above inequalities must be equalities and S = ∅. Combining with claims (a),
(c) and (d), we can observe that N(u) is self-matched (correspondingly, du is even) and results (ii–iii)
hold.
Finally, if c(u) = 0 and du = 2, say N(u) = {s, t}, then s ∼ t and hence E(Vs, Vt) = ∅. If neither
Vs nor Vt is empty, then s and t are two cut vertices of G
∗, which contradicts Lemma 2.2. Now we may
assume without loss of generality that Vt = ∅. According to (ii), Vs is self-matched. Since n is even,
N3(u) = ∅. However, each vertex of N3(u) has only one neighbor in N2(u), which contradicts (iii).
This completes the proof. 
Remark 2.4. Lemma 2.3 implies that, if c(u) = 0 for some vertex u ∈ V(G∗), then
(i) {Vi|i ∈ N(u)} is a balanced partition of N2(u);
(ii) G∗[N2(u)] is a (du − 1)-regular subgraph of G∗;
(iii) N(i) is self-matched for each i ∈ N(u).
A vertex u of G∗ is said to be bad if C(u) = 0. In the following we shall give some properties about
bad vertex.
Lemma 2.5. For each bad vertex u and its neighbor i, du = δ(G∗) and di  δ(G∗) + 2.
Proof. Assume that u is a bad vertex. According to Lemma 2.3 (iii) and Remark 2.4 (ii), dv  du for any
v ∈ N2(u) ∪ N3(u). Now it suffices to show di  du + 2 for any i ∈ N(u). LetM = M0 ∪ M1, where
Mk = {{vi, vj}|vi, vj ∈ N2(u), |N(vi) ∩ N(vj) ∩ N2(u)| = k}
for k ∈ {0, 1}. Clearly,
|M| =
(|N2(u)|
2
)
=
(|V1|du
2
)
. (3)
By Remark 2.4 (ii), each vertex v ∈ N2(u) has du − 1 neighbors in N2(u). Thus
|M1| =
(
du − 1
2
)
|N2(u)| =
(
du − 1
2
)
|V1|du. (4)
Moreover, since each vertex i ∈ N(u) has |V1| neighbors in N2(u) and each vertex v ∈ N3(u) has du
neighbors in N2(u), we can find
|M0| 
(|V1|
2
)
|N(u)| +
(
du
2
)
|N3(u)| >
(|V1|
2
)
du. (5)
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Comparing (3) with (4) and (5), we have
|V1|(du − 1) > (du − 1)(du − 2).
So |V1| > du − 2. Note that V1 is self-matched. Thus |V1| is even and hence di = |Vi| + 2  du + 2
for any i ∈ N(u). 
Lemma 2.5 implies that all the bad vertices of G∗ are independent. Combining Lemma 2.5 with
Lemma 2.3 (i), we can find that δ(G∗)  4.
Lemma 2.6. For any vertex u ∈ V(G∗) and k  1, if N(u) contains k bad vertices, then c(u)  −k − 1.
Proof. By Remark 2.4 (iii), since u is a neighbor of some bad vertex, N(u) is self-matched. Let N(u) =
{u1, u2 . . . , udu}, where ui is a bad vertex with uk+i its neighbor for each i ∈ {1, 2, . . . , k}. Then by
Lemma2.5,dui = δ(G∗)andduk+i  δ(G∗)+2 for1  i  k. LetVi = NN2(u)(ui) for i ∈ {1, 2, . . . , du}.
Correspondingly, |Vi| = δ(G∗) − 2 and |Vk+i|  δ(G∗) for 1  i  k.
Therefore, for any i ∈ {1, 2, . . . , k} and j ∈ {1, 2, . . . , k}\{i}, there are at least two vertices in Vk+i
which cannot be matched to vertices in Vj . So the inequalities in (1) can be improved by a number
2k(k − 1). Although now S = ∅, by inequality (2), we have c(u)  −2k(k − 1). Clearly, the result
holds for k  2.
Now assume that k = 1. If min{|V3|, |V4|}  δ(G∗) − 2, then there are at least two vertices in V2
which cannot bematched to vertices in V3 or V4. If min{|V3|, |V4|}  δ(G∗)−1, then there are at least
two vertices in V3 ∪ V4 which cannot be matched to vertices in V1. So in either case, the inequalities
in (1) can be improved by a number 2. This completes the proof. 
Lemma 2.7. If A is a nonnegative matrix with spectral radius ρ and row sums r1, r2, . . . , rn, then
min
1in
ri  ρ  max
1in
ri. If A is irreducible, then equality can hold on either side if and only if all row
sums of A are equal.
Lemma 2.7 can be seen in [3]. Applying this result on graph, one can get the following corollary.
Corollary 2.8. For any connected graph G, ρ(G)  δ(G), with equality if and only if G is regular.
Lemma 2.9. Let X be the Perron vector of G∗. For any bad vertex u ∈ V(G∗), there is a neighbor i such
that xi > xu.
Proof. By lemma 2.5, G∗ is irregular. Thus by Corollary 2.8, we have
δ(G∗)xu < ρ(G∗)xu =
∑
i∈N(u)
xi.
Since |N(u)| = δ(G∗), the result holds. 
Theorem 2.10. If G∗ has a bad vertex, then ρ3 − ρ2 − (n − 1)ρ + 1 < 0, where ρ = ρ(G∗).
Proof. Let X be an eigenvector of G∗ corresponding to ρ with∑ni=1 xi = 1. Let
D = (dij)n×n = C + I = A3 − A2 − (n − 1)A + I.
Then DX = [ρ3 − ρ2 − (n − 1)ρ + 1]X . Thus
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ρ3 − ρ2 − (n − 1)ρ + 1=
n∑
i=1
[ρ3 − ρ2 − (n − 1)ρ + 1]xi =
n∑
i=1
(DX)i =
n∑
i=1
⎛
⎝ n∑
j=1
dijxj
⎞
⎠
=
n∑
j=1
⎛
⎝ n∑
i=1
dij
⎞
⎠ xj = n∑
j=1
⎛
⎝1 + n∑
i=1
cij
⎞
⎠ xj = 1 + n∑
j=1
c(j)xj. (6)
Combining Lemma 2.6 with Lemma 2.9, we have
n∑
j=1
c(j)xj < −1. The theorem holds. 
Next we shall prove ρ3 − ρ2 − (n − 1)ρ + 1 < 0 when G∗ has no bad vertex. If G∗ has no bad
vertex, then c(u)  −1 for any u ∈ V(G∗). According to (6), we have ρ3 − ρ2 − (n − 1)ρ + 1  0.
Now it suffices to show that there is some vertex u such that c(u)  −2.
Lemma 2.11. If G∗ has no bad vertex, then b(u)  0 for any u ∈ V(G∗). Equality holds if and only if N(u)
is self-matched and N3(u) = ∅.
Proof. Recall that B = A2 − A − (n − 1)I. Thus
b(u) = ∑
i∈N(u)
di − du − (n − 1)
 e({u},N(u)) + 2e(N(u)) + e(N(u),N2(u)) − du − (n − 1)
 du + 2du
2
 + |N2(u)| − du − (n − 1)
 0.
Equality holds if and only if N(u) is self-matched and |N3(u)| = 0. 
Theorem 2.12. If G∗ has no bad vertex, then ρ3 − ρ2 − (n − 1)ρ + 1 < 0, where ρ = ρ(G∗).
Proof. First suppose that b(u)  −1 for any u ∈ V(G∗). Let X be an eigenvector of G∗ corresponding
to ρ with
∑n
i=1 xi = 1. Then
ρ2−ρ−(n−1) =
n∑
i=1
[ρ2−ρ−(n−1)]xi =
n∑
i=1
n∑
j=1
bijxj =
n∑
j=1
⎛
⎝ n∑
i=1
bij
⎞
⎠ xj = n∑
j=1
b(j)xj  −1.
Hence,
ρ3 − ρ2 − (n − 1)ρ + 1 = ρ[ρ2 − ρ − (n − 1)] + 1  −ρ + 1 < 0.
Now suppose that b(u) = 0 for some vertex u. Then by Lemma 2.11, N(u) is self-matched and
|N3(u)| = 0. Let N(u) = {v1, v2, . . . , vdu} and Vi = NN2(u)(vi) for 1  i  du. Since n is even, there
is some Vi such that |Vi| is odd. Without loss of generality, assume that |V1| is odd and v1 ∼ v2. If |V3|
is even, then V1 is not self-matched and V3 cannot be matched with V1. If |V3| is odd, then both V1 and
V3 are not self-matched. Therefore, in either case, the inequalities in (1) can be improved by a number
2. So c(u)  −2. This completes the proof. 
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